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Abstract

We consider the generalized Graetz problem associated with station-
ary convection-diffusion inside a domain having any regular three dimen-
sional translationally invariant section and finite or semi-infinite extent.
Our framework encompasses any previous “extended” and “conjugated”
Graetz generalizations and provides theoretical bases for computing the
orthogonal set of generalized two-dimensional Graetz modes. The theo-
retical framework both includes heterogeneous and possibly anisotropic
diffusion tensor. In the case of semi-infinite domains, the existence of
a bounded solution is shown from the analysis of a two-dimensional
operator eigenvectors which form a basis of L?. In the case of finite
domains a similar basis can be exhibited and the mode’s amplitudes
can be obtained from the inversion of newly defined finite domain op-
erator. Our analysis both includes the theoretical and practical issues
associated with this finite domain operator inversion as well as its in-
terpretation as a multi-reflection image method. Error estimates are
provided when numerically truncating the spectrum to a finite number
of modes. Numerical examples are validated for reference configurations
and provided in non-trivial cases. Our methodology shows how to map
the solution of stationary convection-diffusion problems in finite three
dimensional domains into a two-dimensional operator spectrum, which
leads to a drastic reduction in computational cost.
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Introduction

The Graetz problem was first settled as the stationary convection-dominated
transport problem inside an axi-symmetrical Poiseuille flow in a semi-infinite
cylinder [7]. It is the cornerstone of many practical applications. The asso-
ciated orthogonal Graetz modes are interesting to consider since their pro-
jections into the imposed entrance boundary conditions provide a nice set of
longitudinally exponentially decaying solution whichever the applied lateral
boundary conditions, or the considered velocity field (see for exemple [13]).
Since many important convective heat transfer problems share similar prop-
erties, the computation of a similar orthogonal basis has been attractive in
many studies in a context where intensive computer simulations were diffi-
cult [20, 3]. Nevertheless the generalization of this concept to simple situa-
tions is not straightforward. When, for example, for the problem is no longer
convection-dominated and longitudinal diffusion is considered, a situation ref-
ered to as the “extended” Graetz configuration (see for example [12, 6, 21, 10]),
it is not simple to find a set of orthogonal modes. The same difficulty arises
when coupling the convection-diffusion arising into the Poiseuille flow to pure
diffusion into a surrounding cylinder, a configuration generally denoted “con-
jugated” Graetz configuration [2, 11, 4].

It is as late as 1980 than Papoutsakis et al. [15, 14], realized that a matrix
operator acting upon a two-component temperature/longitudinal gradient vec-
tor (for the Graetz axi-symmetrical configuration) could provide a symmetric
operator to the “extended” Graetz problem. The mathematical properties of
this operator were nevertheless not deeply analyzed in [15, 14]; neither the
compacity of the resolvent, the spectrum structure and location, the involved
functional spaces, nor the numerical convergence were studied. One has to ad-
mit that, even limited in scope, this important contribution remained poorly
cited and recognized until the late nineties, when it was realized that a similar
approach could be adapted to any concentric axi-symmetrical configurations
[16, 17, 9, 8], adding nevertheless a larger number of unkowns. Recently a
detailed mathematical study of a generalized version of the Graetz problem,
referred to as generalized Graetz problem here, for general non-axisymmetrical
geometries, for any bounded velocity profile and including heterogeneous dif-
fusivity, was presented in [18] and applied to infinite (at both ends) cylinder
configurations. This mathematical study has brought to the fore the direct
relevance of a new reformulation of the problem into a mixed form: adding to
the original scalar temperature unknown a vectorial auxiliary unknown. This
reformulation involves an operator, referred to as the Graetz operator, acting
both on the scalar and vectorial unknowns. The Graetz operator was showed to
be self adjoint, with compact resolvant in a proper functional setting. Its spec-
trum was proved to be composed of a double infinite discrete set of eigenvalues:
a positive set (downstream modes) and a negative one (upstream modes).

The aim of the present contribution is to provide the mathematical analysis
and numerical methods for solving the generalized Graetz problem in semi-
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infinite and finite domains, as well as effective numerical methods to estimate
the Graetz modes in the non-axisymmetrical case. These results are interesting
since finite domains represent the most relevant configurations for applications
such as, for example, convective heat pipes, the size of which is obviously finite.

Let us now describe more precisely the context of this study. This contri-
bution addresses convection-diffusion/thermal transfer in a generalized cylin-
drical geometry Q x I, where Q C R? is a connected open domain and I C R is
an interval, possibly unbounded at one or both of its ends. The fluid velocity
inside the tube is denoted by v(¢, z), whereas its temperature is denoted by
T(&, z) for £ = (z,y) € Qand z € 1.

The fluid velocity v is assumed to be directed along the z direction and

constant in the z variable, that is v(§, z) = v(§)e., where e, is the unit vector
in the z direction. Moreover, the velocity profile is assumed to be bounded,

ie v e L>®(Q).
The conductivity matrix is supposed to be symmetric bounded, coercive

and anisotropic in the ¢ direction only, i.e. it is of the form

and there exists a constant C' > 1 such that

Clnl* > n"o(©n>C ' yl* and C > ¢(§) > C™,  VEeQneR: (1)
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Figure 1: The geometry of the generalized Graetz problem

In this setting (see Figure 1), the steady convection-diffusion equation,
refered to as the generalized Graetz problem, reads:

c(g)azzT + le&(O’(&)VgT) - PeU(S)azT = 07 (2)
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where Pe is the so-called Peclet number. In the sequel, the subscript £ will
be omitted and we will simply write: A = Ag, V = Vg, div = div¢ for the
Laplacian, gradient and divergence operators in the section (2.

This problem is reduced to a system of two first order equations by in-
troducing an additional vectorial unknown p. Let h = Peve™!, we define the

Graetz operator A by
T\ (hT —c tdiv(p)
A (p) B < oVT 7 )

A (ohv —c—Oldiv) | ()

The generalized Graetz problem defined in Equation (2) is then equivalent
to the first-order system

in other words

D.b(2) = A(z)  with ¢ — (fé’;) |

In [18] spectral properties of the operator A are established in order to de-
rive exact solutions of the generalized Graetz problem on infinite geometries of
the type 2 xR (unbounded ducts at both ends) involving a jump in the bound-
ary conditions on 0f2. It is proved that the spectrum consists of the eigenvalue
0 and two countable sequences of eigenvalues, one positive (downtream) and
one negative (upstream) going both to infinity. Numerical approximations of
this exact solution are given for axisymmetrical geometries.

However, on a semi-infinite duct  x [0, +00), the projection of the entrance
condition on the eigenmodes may provide non-zero coefficients associated to
downstream modes. These coefficients yield a T'(z) that is unbounded as z goes
to 400. The objective of the present work is then to provide a mathematical
and numerical framework to solve the generalized Graetz problem on a semi-
infinite duct that is adapted to any geometry of 2. As a consequence of the
forthcoming analysis, it is proved that the temperature components (7,,) of
the upstream (resp. downstream) eigenmodes form a basis of L?(€Q). This
analysis also provides a framework suitable to solve the problem on ducts of
finite length. Error estimates for the operators induced on finite dimensional
spaces associated to N upstream (or downstream) eigenmodes are provided.
Finally a numerical implementation is proposed using a parametrization of the
orthogonal of ker A. Numerical examples provide a showcase of the power of
the method.

The generalized Graetz problem is described in detail in Section 1, results
obtained in [18] are recalled, and our main result (Theorem 1) is stated. In
Section 2 we propose an equivalent formulation of this Theorem in the setting
of finite sequences. In Section 3, our main result is proved in Proposition 2.
Proposition 4 studies how the solution can be approximated when only the first
modes of the operator A are known. These estimates are crucial in numerical
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studies since only a part of the whole spectrum is computed. In Section 4 we
solve different problems in semi-infinite and finite cylinders, and we show how
the inequalities proved in Proposition 4 allow to obtain a priori inequalities
on numerical approximations. After detailing the algorithm we use, Section 5
presents some of the numerical results we obtained.

1 Setting the problem

1.1 Spectral analysis

We recall the definition of the Sobolev spaces L2(2) and H!(Q) on a smooth
domain €2. For that purpose, define the scalar products of functions:

(u,v)oz/uvdx and  (u, V)1 () :/uvdx + /Vqudx.
Q Q Q

Then L?(Q) (resp. H'(€)) is defined as the subspace of measurable functions
on Q such that their L?(Q) (resp H'(2))) norm induced by the corresponding
scalar product is bounded. We also recall that the Sobolev space H}(Q) is
defined as the closure of the space of smooth functions with compact support
for the H'(2) norm and that it can be identified with the subspace of functions
of H'(Q) that are equal to zero on 9f2. In what follows the space H}(f2) is
endowed with the scalar product

(u,v)lz/JVqudx
Q

that defines a norm equivalent to the usual norm, thanks to the coercivity
conditions (1) and the Poincaré inequality.

We define H = L%(Q) x (L?(2))? and for every v; € H, we use the notation
Y; = (T}, pi) throughout this paper. Once endowed with the scalar product

(1|2 = / YTy + o~ 'p1pa du,
Q

the vector space ‘H is an Hilbert space. Denote Hg;, (€2) the space defined by
Haio () = {p € (L*(Q))? such that div(p) € L*(Q)}

and define the unbounded operator A : D(A) = H}(Q2) x Hgio (Q) — H as
A= (T,p)— Ay = (hT — ¢ *div(p),oVT) € H.

A is a self-adjoint operator with a compact resolvent and hence is diagonal
on a Hilbertian basis of H. It is shown in [18] that the spectrum of A is
Sp(A) = {0} U {\,;n € Z*}, where the )\, are eigenvalues of finite order that
can be ordered as follows:

—OO(—)\_nS)\_lg)\OZ()S)qS)\n%—FOO
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The kernel of A consists of vectors of the form (0,p) € D(A) with div(p) = 0.
It follows from Helmholtz decomposition that its orthogonal in H, the range
of A, is given by

R(A) = {(f,0Vs) with (f,s) € L3(Q) x H:(Q)}.

Because A is symmetric, it is bijective from D(A) NR(A) onto R(A).

Denote (1, )nez+ an orthonormalized basis of R(A) composed of eigenvec-
tors 1, of A associated respectively to the eigenvalues A, # 0, then each
U, = (T, pp) verifies:

AnPn = oVT,, (5)
NT, + ctdiv(eVTy,) — b\ T, = 0,

and for every n,m € Z*:

1
jhj:n ‘71%‘77%12:5nnu
/Qc +)\n)\m0

where 9, stands for the Kronecker’s symbol.
The diagonalization of the operator A ensures that if ¢, _, € R(.A) is given,
there exists a unique ¢(z) € C°(I,R(.A)) that verifies in the weak sense

9:9(2) = AP(2)  ¥(0) =Y,

where verifying the above differential equation in the weak sense is tantamount
to verifying

[ - 0X@wdz = [WEIAXE)ndz VX € CHIL DA NR(A)

I I

Moreover this unique (z) verifies the equation

Y(2) = Y ((0)[1hn)athne™.
nez*
Coming back to the original setting, if 7]._, € Hj(Q2) and 9,7]._, € L*(Q)
are given, then there exists a unique T'(z,¢) € C°(R,HL(Q)) N CH(R, L))
solution of (2) which is given by

06 = SO, o) = (o)) v er ©

nezZ*

As a remark, following [18], if the initial boundary conditions are slightly
less regular, that is 7)._, € L*(Q) and 0.7]._, € H'(2), then there is still a
unique solution to (2) in C°(R,L*(Q2)) N CHR,HY(Q)), given by

36 = S @O win i) = (o)) @

nez*
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where, for any z (and specially for z = 0), s(z) is the unique solution in H}()
of
div(cVs) = chT — ¢0,T.

We remark that the previous equation determines uniquely s|__, and hence
Y)._, from the knowledge of T|__ and 0.7} __,. Of course, if the initial conditions

are regular enough, then ¢ and v are linked by ¢ = 845.

1.2 Main result

Following the previous discussion, if the problem is set on the semi infinite
duct € x R7, the initial conditions 7} _, and 0.T|__, determine uniquely v;__,

(or 1Z|Z:O) and hence any value of 1(z). But in general this set of conditions
yields a T'(z) that may be unbounded as z goes to —oo. A natural question
to ask is then, given Tj,_ (resp. 9,1,_,) in L*(Q), is it possible to find 9.7],
(resp 1}._, ) such that T'(z) stays bounded for z going to infinity ?

We reformulate this question as: Given f € L%(Q), is it possible to find an
s € Hy(Q2) (preferably unique) such that ¢ = (f, 0Vs) verifies:

z=0

=0

(W) =0 forallm<0 7

The answer to this question is given by the following Theorem, which is a
consequence of Proposition 2

Theorem 1. Given f € L?(Q), there exists a unique sequence u = (u;);en-

such that
f=2 ul:
>0
In this case, setting s € H}(Q) as s = >, A7 'w;T; ensures that the de-

composition of (f,oVs) on the eigenmodes of A only loads positive eigenvalues
and hence goes to 0 as z goes to —oo. Of course, changing z into —z (or equiv-
alently changing the sign of h) transforms the problem from a decomposition
on the downstream modes to a decomposition on the upstream modes.

2 Decomposition on the upstream modes

2.1 Isomorphism with the space of sequences

The choice of an Hilbertian basis induces an isomorphism between R(.A) and
the space of square summable sequences. Denote the discrete 1?(Z*) and h'(Z*)
scalar product, defined for complex sequences a = (a,)nez+ and b = (by,)nez=

as
(alb)iz = Z anb, and (alb)yz Z N a,b,

nez* nez*

and define the 1?(Z*) (resp. h'(Z*)) Hilbert space as the subspace of complex
sequences such that their 12(Z*) (resp. h'(Z*)) norm is bounded.
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The mapping
x: 13Z*) — R(A

a — Z ai@/zi

with adjoint x* : ¥ — ((¢¥|tn)#)nez is an isometry, i.e both xx* and x*x are
the identities of their respective spaces. Moreover x(h'(Z*)) = R(A) N D(A)
and y*(R(A)ND(A)) = h'(Z*). Of course, this change of variable diagonalizes
A in the sense that if D is the operator

D: hW(Z*) — B(ZY)
a = (Anan)n

then
A= xDx".

2.2 Reformulation of the problem in the setting of se-
quences

In order to reformulate our problem in a discrete setting, let us define the
following operators

Definition 1. Define P, and P; as

P: RA — L*Q P: RA — HVA(Q)
(f,oVs) +— c\/2f (f,oVs) — s

with adjoints defined by

P 12(Q) — R(A) Py: H{(Q) — R(A)
f o (cY2f,0) s > (0,0Vs).

Then trivially PP’ = Id, PrP; is a projection and PyP, + PyP, = Id.
Moreover P Pr =0 if i # j.

We shall also need the following technical definition

Definition 2. For m < M in Z*, denote [*([m, M]) the subspace of 1?(Z*)
of sequences a such that a, = 0 if n ¢ [m, M], and define the projection
s 12(Z%) — 12([m, M]) by

(11 )i = w, ifm<i<M

mMWEZ 0 ifi<mori> M.

For m > 0 the space [?([m, oo[) is the subspace of 12(Z*) of sequences a such
that a, =0 if n < m.
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Proposition 1. Define the operator K : 12(Z*) — 12(Z*) by
K = x"P; Py x.

Then K = K? (K is an orthogonal projection). Moreover proving Theorem 1
is equivalent to proving that

For every a € 1*(Z*) such that Ka = a there is a unique u € I*([1, co[) such that Ku = a

Proof. The fact that K? = K follows from the fact that xx* = Id and P, P} =
Id. By definition of Py, x, K for every f € L*(Q) and u = (u;)

f=> ul; e f=cPPyus ' Pivef = Ku,

where the last equivalence is proven using the definition of K for the direct
implication and the property (Px)(x*P;) = Id for the reciprocal implication.
We now claim that

Ka=a<« 3f € L?(Q) such that a = x*Py/cf.

Once again, the reciprocal implication is proven by applying K on both sides
of the identity and using (Pyx)(x*P;) = Id, whereas the direct implication is
proven by setting f = ¢~/?(P;x)a and using

a= Ka=Yx"P/Pya=x"P}cf.
O

In order to prove Theorem 1 using the equivalence from Proposition 1,
we have to translate the eigenproblem equation in the setting of the space of
sequences which is the purpose of the forthcoming theorem.

Theorem 2. For each a € h'(Z*),b € 1>(Z*), we have

KD'K = 0, (8)
(Id— K)D(Id— K)a = 0, 9)

and
(KDKa[b): — /Q h(Pyxa) (Pryb) de. (10)

Proof. By definition of A, for any (f,oVs) € D(A)

f\ _ [(hf—ctdiv(eVs)
A (UVS) - ( oV f ) '

This transforms into

AP} (f) = PY(hf) + P5(c72f),  AP3(s) = Pf(—c¢ 2div(oVs)). (11)
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We prove (9) using P, P} = 0 and multiplying the second equation of (11)
by P:

Py,AP; =0 = Py (xDx*) Py = 0= x*"Py(PyxDx*Py)Pyx = 0.

This in turn implies that for any a € h'(Z*), (Id — K)D(Id — K)a = 0 since
Id— K = x*P; Poy.

In order to prove (10), use P, P = 0 and multiply the first equation of (11)
by P;. Then for each f € Pi(R(A) N D(A))

Pi(xDx*)P{(f) = PLAP(f) = hf.

If a € h'(Z*) then f = Pyya € Pi(R(A) N D(A)), the above equation applies
and

hPlxa = P1XDKa
= (hPixa, Pixb)o = (PixDKa, Pixb)o = (X" P PixDKa,b) = (KDKa,b)e

In order to prove (8), multiply the second equation of (11) by P;.A~! in order
to get

0= PIA_IPI*(diV(c_l/20Vs)) = Pl)(D_lx*Pl*(c_l/Qdiv(JVs)) Vs € H(l)(Q)

For any b € 13(Z*) define f = Pxb € L*(2). There exists s € H}(Q) such
that div(cVs) = c'/2f, and the above equation amounts to KD™'Kb = 0. [

3 Properties of the sequential operators

3.1 The case h =0

It is interesting to understand what happens in the purely diffusive case where
h = 0. In this case, denote (S,,) the eigenvectors of the Laplacian associated
to eigenvalues (p2) with p,, > 0:

—c'div(oVS,) = p2S,  with /CS,-S]- dz = §;; and S,, € Hy(Q).
Q

Then the eigenvectors of A are given exactly by

1
Yip = E (:I:,u_?;VS ) associated to the eigenvalues =+ p,,,

and hence T,, = T_,, = \%Sn. In this case the restriction of K to the finite

dimensional space [*([—N, N]) has the following simple form. Denote e; =
(0in)nez the it" vector of the canonical basis of the space of sequences. Then

T, T
(Keilej)IQ(Z*) = (P1Xei’P1Xej)0 = (Pl (ul_lJVT) ’Pl (/leo-]VTj) )0
Q

10
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In the particular case h = 0,

1 1 1
cTiT'dx:/C—Si—S-dx:—éi’-,
/Q J o \/5 ||\/§ L] 9 [é],14]

and we have

1 /1d Idt
N ynKIl_yy = (

0 .- 1
o \ Idf Id)’ Id" = (1) / 8 ) ([dT)i,j: i+j,N+1-

In this setting, solving the problem of Proposition 1 is trivial. For any sequence
a = (a,), € >(Z*), Ka = a means that a_,, = a,, and it is then sufficient to
take u = (uy,), defined by:

for n < 0, take u, =0 and for n > 0, take u, = (a, + a_,) = 2a,

This simple example is important to point out, since the case h # 0 is just a
compact perturbation of the case h = 0. Indeed, coming back to equation (5),
at order 0 when )\, goes to infinity, we have:

N2T, + ¢ 'div(eVT,) =0

and hence, when n goes to infinity, one expects Ay, ~ +u, and T, ~ %Sn,
see Remark 1 for a precise statement of this assertion.

3.2 Existence and uniqueness of the solution

The next result is the main ingredient in the proof of Theorem 1.

Proposition 2. Suppose that m € N*, M > m possibly with M = 400 and
denote m = II,, as.

For any a € 13(Z*) there exists a unique u € [?([m, M]) solution of TKu =
ma. Moreover this u satisfies

, l=oy

ulli2zey < (2 N

)||7Ta”12(Z*). (12)
Moreover, if a = Ka, then Pyu is the L? orthogonal projection of P,ya
on the space Vect(c'/?T,,, M *Tyr, ..., Tag).
Additionnaly, if m = 1 and M = +o0o and a = Ka, then we also have
Ku=a.

As an immediate corollary, the last assertion of this Proposition proves
Theorem 1 via the equivalence pointed out in Proposition 1.

Proof. We first suppose that M < 400, then Im(7) = I*([m, M]) is a finite

dimensional subspace on which the endomorphism K = 7 K is real symmetric,
hence diagonalisable. It is sufficient to show that, on this space any eigenvalue

11
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of K is greater than C' = (2 + Hh”i%)_l in order to prove existence of u
uniqueness and the bound in the [? norm.

Let p be an eigenvalue of K and v an associated normalized eigenvector:
7Knmv = pv, (v|v)z =1 and v = v. Since

p=(mKnv|v)e = (Knv|nv)z = (Krv|K7nv);z = HKVH%,

then 0 < p < 1. In order to prove the lower bound on the /2 norm, recall that
since v is a finite sequence then (10) applies and

(KDEv[v)e| = |/Qh(P1XV)2dx| < Pl 1PV G = [Pl K VIE -

using (9) ((Id — K)D(Id — K)v|v);z =0 and 7D = Dr, we have
(KDKv|v);z = (2p — 1)(Dv|v)p
Since [(DV[v)ie| = | M Xvntnl > An(VIV)i2 > A, we have
A (2p = )| < (Bl 1BV [Ifeze) = 1Bl )p (13)

Which in turns means that p > C' .
Consider now the case M = +oco where any a € [*([1,+o0o[) is the strong
[? limit of II,, ,a as p goes to infinity. Passing to the limit, we recover

(mK7a,a)r@g > Cllal®.

The Lax-Milgram theorem applies and 7K : [?([m, +o0o[) — 1*([m, +o0]) is
a bijection with a continuous inverse bounded by C' in the operator norm.

We now turn our attention to the geometrical interpretation of u. By
definition, ¢'/2T; = P,xe;, where e; is the i canonical basis vector of 12(Z*),
hence, if a = Ka, for all i € [m, M]

(Pixa— Pixule?T;) = (Pyxa— Pixu|Piye;) = (\*PfPix(a—u)le;) = (Ka— Kule;)

— (a— Kule) = (a— Krulre;) = (ra - nKrule;) = 0

Hence Pyyu € Vect(c'/?T})i—m.as is the L? orthogonal projection of Pjya
on Vect(c'?T})iem.ar-

We finally prove that if m = 1, M = 400 and Ka = a, then Ku =
Define b = Ku—a = K(u — a), then Kb = b. Since we already have
7Ku = 7a, then 7b = 0. Using (8): KD 'K = 0, we have

0= (KD 'Kb|b) = (D' Kb|Kb) = (D~'blb) = > " \[b:|*.

1<0

Since all the \; are strictly negative, then b; = 0 for all 7 < 0 and since 7b = 0,
we finally have b = 0. O]

12
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Remark 1. The bound (12) is indeed sharp, since, in the case h = 0, we have
u = 27a. Indeed, in this case, the matrix II,,, ;y K11, pr = 1/2/d. Moreover,
when A, > [|h||L(0)/2, the bound (13) translates into:

Hence, when m goes to +00 and M > m, every eigenvalue of the matrix

IL,, pmr K11, ar goes to % Anticipating on the results of Proposition 3 that as-

serts that every off-diagonal term K;; of I1,, ps K11, as is bounded like [|A| 10 )/ (Ai+
A;), we can conclude that the matrix II,, p K11, 5 tends towards the matrix

—Id as m goes to +00. Hence, as expected, when m goes to infinity, the effect

of h wears off and K behaves as if the compact perturbation h was inexistent.

3.3 Bounds for the approximation

The result of Proposition 2 states that the sought u solves the equation
rKmu = ma

with m = II; .. But in practice, we can only compute this matrix for 7 = II; x
with a finite N. Therefore, we wish to estimate the resulting error. For that
purpose, we first prove that the off-diagonal terms of 7 K7 are small.

Proposition 3. For ¢ = 1,2, let m;, M; € N*, and denote m; = II,,,, ps,. We
assume that mm = 0, (or equivalently [mq, Mi] N [mg, Ma] = (). Then

1] Loe(0)

)\ I )\ ||7T211||12(Z*) Vu - IQ(Z*)

||7T1K7T21,I||12(Z*) S

Proof. Let p be the largest eigenvalue on I'm(my) of
moKm Kmov = pv with v = mv € I'm(my),
where v is a corresponding eigenvector such that ||v|j;z = 1. We claim that it
is sufficient to show that
[17ollee o )2
0<p< | —mMm*~ 14
<ps (e (1)

Indeed, the inequality to be proven in Proposition 3 is, for all u € [?Z*:

hllLe) \?
(7T2K771K7T2u]7r2u)12 = H7T1K7T2u‘|122(z*) < _H || _( ) HW?quZQ(Z*)?
Amy + Ay

which is exactly tantamount to proving (14). First, p is positive since

P = (7T2K7T1K7T2V,V) = (7T1K7T2V,K7T2V) 2 0.

13
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In order to prove the upper bound on p, set a = m Kmyv and b = myv, then
trivially m; Kb = a and the eigenvector equation reads my/Ka = pb. Moreover,
since D is a diagonal operator that commutes with m; and 7y, then

a=ma= Da=mDaand b=mb = Db =mDb
and hence

(DKa|b)l2 + (KDa|b)l2 = (Ka|Db)l2 + (Da|Kb)52 = (Ka|7T2Db)l2 + (7T1D&|Kb)l2
= (72K8|Db)l2 + (Da”ﬂ'le)lQ = p<b|Db)l2 + (Da‘a)p.

Since mme = 0, then (Dalb);z = 0 and (9) turns into
(KDKalb)e = (DKalb) + (K Dalb).

On the other hand, (10) reads

(KDKalb)z = /Qh(Plxa)(Plxb) dz < [[|pe @) [ (Prxa) ol (F1xb)llo
< 2l @ llaliz @z [blhes)-
Collecting these three equations yields

p(b|Db)z + (Dala)iz < [Af|Le (o) llalle @z

b|i2(z+). (15)

Since mpb = b, then (b|Db);e = 312 i[bi|? > Ay, |[b|/2. Similarly (a|Da); >
A, ||a|%. Moreover, using ||b|| = ||m2v|| = 1 and
lal| = (1 Kmav|m Kmov)e = (meKm Kmav|v)e = p,
Equation (15) turns into
Py & Ama) < Ao (@) v/p;
which is exactly (14). O

The following proposition precisely states the error made when computing
u with the limited information of the k first modes.

Proposition 4. For any a € 1?(Z*), for any k € N*, define 7 = II; ;. Define,
by Proposition 2, af € [*([1,k]) as the unique solution to 7 Ku = ra.

Define u € [*([1, +o0]) the only solution to IT; .. Ku = II; a, i.e. u=1
when k = 4o00.

There exists a constant C' > 0 independent of k£ and a, there exists kg € N*
such that for all k > ko,

Hu — ﬁ”p(z*) S CH(HI,OO — ’7T)(a — Kﬁ)”p(z*),

~ C ~
H7ru—u|]12(Z*) S —)\ ||'LI—U||12(Z*).
k

14
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Corollary 1. When a = x\*P;f, if f,.0; is the L? orthogonal projection of f
on the space Vect(c'/?T1, . ..,c"?T,) then

[u =12z < CIf = forojllo

Indeed when a = x* P f, then Ka = a, Pixya = f and thanks to Proposi-
tion 2 PyxU = fpro;. The corollary is then simply proven by

(1 4oo—m) (a=KU) [[2(z+) < [[(a—K0) |22y = [ K (a—0)]|i2z+) = [[Pixa—Pixtl|i).

Proof. of Proposition 4. Define 7@ = Il;41 4o, d = u — U, then the equations
7Ku=maand (T +7)Ku=(r+7)a

yield the following system

{ (rKm) (nd) + (nK7) (7d) = 0
(7K7) (rd) + (7K7) (7d) = 7a— (7Km)u

Thanks to Proposition 2, the operators mKm (resp. TK7) are invertible
with an inverse bounded from above with a constant independent of k and
then

{ [mdle < Cll (wK7) wd||;2
I7dfi < C(|7(a— Kmu)lle + || (FK7) 7d|;2)

Since mm = 0, then Proposition 4 applies to 7K7 and 7 K7 and

C~ C\ i~ ~ ~
[rdl]> < A—kHWdHP and (1 - -5)[[7d|| < Cf[7(a - K)o
k

<
Ak

constant, also denoted by C' such that

> L and L < 1 there exists another

Letting k big enough so that 1 — 5 "

~ ~ ~ C
]l = [lwd]li> + [[7d]l,2 < Cll7(a — Ka)[;> and [[d];> < A—kHdez'

4 Solving semi-infinite and finite problems

4.1 The semi-infinite case with L2 initial conditions

For a given T}, € L?(Q), we are interested in solving in the space C°(R™~, L?(Q))N
CHR~,H1(Q)) the following equation:

T, =Tw and lim T(z) =0 (16)

=0
z 2——00

{ d..T — div(eVT) — Pevd, T = 0

15
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As developped in (7) in Section , T" solves the differential equation (16), if and
only if
U(2) = (T(2),0Vs) € C°(R™, R(A))

verifies 1(2) = Y, 5. une b, with some sequence u = (uy,)nez+ € 12(Z*) that
verifies the boundary conditions in z = 0 and z = —oo, that is:

Tini = ZunTn and u, =0 Vn <0.

nez*

As stated in (6) in Section , a similar reduction can be performed if Neumann
boundary conditions are enforced in z = 0, that is if

azT1 = Eni

z=0

is given instead of the value of T|__;. In this case the problem would turn into

F = Z u,T, andu,=0 Vn<0andvy = (0.T,0VT).

nez*

Moreover, solving this equation for positive z instead of negative z can be done
by changing z into —z, or equivalently by multiplying v by —1 which does not
change the analysis.

Coming back to the original Dirichlet problem, setting a = x* Pfy/cTin €
12(Z*), we have Ka = a and u is given by Theorem 1 as the unique solution
to

Ku=a and u € [*([1, 00]).

Hence the existence and uniqueness of 7'(z) in the considered space. In prac-
tice, one is able to compute only the k first eigenvectors. We wish to estimate
the error made by an approximation of T'(z) if only the k first eigenmodes are
considered. The following proposition sums up every property proved earlier.

Proposition 5. Suppose that (A, T}, )n=1.k, the k first positive eigenvalues/eigenvectors
of A have been computed. Definea = (fQ TiniTh)n=1.x, set K = (fQ TiTj)1<i <k
and find U = (U, ),=1. the unique solution to

Ki=3a. (17)
Define i
T(z) = Z V20, T,
n=1
If T'(z) denotes the unique solution to problem (16), then for all z < 0 we have

6)\12'

)\k —+ e)\kz> H\/EﬂHI - \/ETprojH07

Hﬂ@—ﬂ@%sc(

where \/cTp0; s the L?-orthogonal projection of \/cTi,; on the space spanned
by Vect(v/cTy)n=1.-

16
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We remark that since we are interested in the semi-cylinder defined by
z < 0, the inequality gets better as z goes to —oo or as k grows.

Proof. Set m =11, if a = x*P{\/cTin then the solution of (16) is given by

(T'(2),0Vs(z)) = Z Y2y,

nez*

where u = (u,),ez- is given by Ku = aand u € [*([1, +oc[), see Proposition 2.
Extending by zero u and a in 12(Z*) then a = ra, K = 7 K7 and 1 verifies

7K7l = 7ra and 1 € [*([1, k]).

Hence, 1 is unique and determined by Proposition 2. Moreover, Corollary 1
states that

u-—1u 2 > Clini — V Clprojl0-
I lie < CllVeTini — VT

k
T(z) - T(z 0 < C u, — u,2e?* + C u, — u,|2e?*
17°(=)
n=1 n>k
< Clmu—0)Ee*M* + Cllu — 1|he.

~ C ~
The conclusion follows from Proposition 4 since ||[ru—1u|z < ™ lu—1llz. O
k

4.2 The finite case with Dirichlet condition on both
ends

For given L > 0, Ty, Ty, € L*(Q), we are interested in finding 7" € C*([0, L], L2(2))N
CO([0, L], H}(£2)), solution to the following equation

{ 0., T 4+ div(eVT) — Pevd,T =0 in[0,L] x Q

7. ,=Ty and T _, =T, ~ (18)

z2=0

In this problem, two boundary conditions are imposed, one on each end of
the finite cylinder. The mathematical proof of existence of solution is straight-
forward since this problem is the one of a three-dimensional Laplacian on
Q2 x [0, L] with a transport term and Dirichlet boundary condition. We are
looking here for an effective way to compute the solution of this problem by
performing a reduction to a problem in two dimensions.

The first idea is to use upstream modes (negative eigenvalues) for the left-
most boundary condition (z = 0), and to use downstream modes (positive
eigenvalues) for the right-most boudary condition (z = L). Some corrections
must be added in order to take into account the influence of each boundary
on the other.

17
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Proposition 6. Consider Ty and Ty, in L?*(Q).
(an)nez+ € 12(Z*) such that

Then there exists a unique

Z an T, + Z ane T, =T, (19)

n<0 n>0

and

Z ane T, + Z a, T, =T;. (20)

n<0 n>0

The solution of Problem (18) is then given by

T(z) = Z ane™* T, + Z aneE BT,

n<0 n>0

Proof. For a given sequence a € 12(Z*), denote a™ =

We also introduce the operators

Ut Bz —  LAQ) c* .

at = (a,), — Z a,T, and

for0 <z < L.
(an)n>0 anda” = (an>n<0'

ZZ(Z*i) N ZQ(Z*i)
at = (a,) > (ane) 1,0

Theorem 1 implies that Ut and U~ are one-to-one. Then the two equations

(o W) (E)-(R)

It remains to prove that the operator W from [?(Z*7) x (*(Z*") to L*(Q)?

(19) and (20) read

defined by

W:( U- U+C+>:( Id U+C+I(dU+)‘1)(UO‘ U(L)

v-c- Ut U-Cc-(U~)!

is invertible. The endomorphism Wy of (L2(Q))? defined by

M_  Id

Wo = ( fd M ) with M, = U*C*(U*) !

is invertible if and only if Id — M, M_ and Id — M_DM, are invertible which is
the case since the operator M. is diagonal in the basis (T},)+1,>0 with largest
eigenvalue eTX*+1 < 1. As a conclusion, the operator W is invertible, hence
the equation (21) admits a unique solution (a—,a™). O

Remark 2. A physical interpretation of the operator M. is the following.
The operator M, acts on an element of L?(Q) by decomposing this element on
the downstream modes, and damps the modes with a damping factor corre-
sponding to a length L. The operator M_ has the same interpretation except
that upstream modes are concerned. These operators model the influence of
one boundary condition on the other boundary of the cylinder.

18
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Equation (21) can be rewritten

Id M, Uta*
M_ Id U-a~

Such equation is of type

( ;E ) . (22)

(Id+ M, )x =y (23)

0 M,
M_ 0
ence of the boundary conditions on the mode’s amplitude. In our case the
spectral radius of M, is smaller than 1, and (23) can be solved using a power
series:

where M, = is a reflection operator associated with the influ-

X = ([d—i—]\/[r)’ly =y — Mry+]\/[3y— Mf’y—i—

As stated above, this amounts to write that (in a first approximation) the
solution is x &~ y: x is obtained by decomposing the boundary condition at
z = (0 along the downstream modes, and the boundary condition at z = L along
the upstream modes. The next term in the power series reads x ~ 'y — M.y,
this takes into account the corrective terms coming from the influence of each
boundary condition on the other boundary of the cylinder. The higher order
term M?y takes into account the correction of the corrective terms and so
on. In this sense our solution is a multi-reflection method, since each step
provides an incremental reflection of the boundary influence. Nevertheless, as
opposed to the image methods used for the computation of the Green functions
in finite domains for which the convergence is algebraic, and thus rather poor,
the successive terms in the sequence are exponentially decaying, providing an
exponential convergence of our multi-reflection finite domain operator.

5 Numerical results

We present in this section more details on the implementation of the method,
and illustrate the results in different configurations.

5.1 Implementation
The main obstacle to the numerical resolution of the eigenproblem

Ap = X (24)

is the existence of the kernel of A which is infinite dimensional, since this pro-
hibits applying effective numerical methods for the eigenvalues computation.
The resolution can become effective when one restricts to a subspace of R(A).
We have seen in section 1 that the space R(A) is given by

R(A) = {(f,oVs) with (f,s) € L*() x H}(Q)}.
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We introduce the space G as
G = {(f,0Vs) with (f,s) € Hy() x Hy(?)},
endowed with the norm

1(;0Vs)llg = 1 f lmye + lsllmye)-

It is clear that G is a dense subset of R(.A) for the H norm, that D(A)NR(A)
is a dense subset of G for the G norm and that G belongs to the domain of
A2 in the sense that

(AY|Y)y = /QchT2 +20Vs- VT < C|[¢|g Yy = (T,0Vs) € D(A)NG.

Solving the eigenproblem of finding ¢, € D(A) N R(A) such that for all ¢ €
R(A)

amounts to solving it for all ¢ € G (by density of G in R(A)) and to seek
Y, € G if one defines, for all ¥; = (T;,0Vs;) € G

(Ai/illd)g)y = / CthTQ + UVSl . VTQ + O'V_SQ . VTl (25)
Q
We recall that the H scalar product reads for all ¢; = (T;,0Vs;) € G :

(1, 12)u = / NIy + 0Vsy - Vss. (26)

Q

If one approximates H}(Q) by -say- P! finite element spaces, equation (26)
allows to obtain the mass matrix M, and Equation (25) allows to assemble the
stiffness matrix A of the eigenproblem

Find X, A such that AX = AMX,

which is the discrete version of the eigenproblem (24), set on the orthogonal
of the kernel of A.

5.2 Solving the eigenproblem

The eigenproblem Ay = A\ip, reduced to the generalized eigenvalue problem
AX =AM X,

is solved using Lanczos method [5]. This algorithm provides the n eigenmodes
whose associated eigenvalues are closest from zero (exepted 0 since we work
in the orthogonal of the kernel). We denote by N’ the number of eigenmodes
associated to negative eigenvalues, and by N the number of eigenmodes asso-
ciated to positive eigenvalues. Due to non-symmetry reasons (because of the
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convective term) it is very likely that N’ # N. One can of course restrict the
number of eigenmodes to min(/N’, N') but this was not considered here.

Let Tjy; € L?(Q). Consider k € Z*. We denote T, proj the approximation of
Tini by the first k£ upstream modes if £ > 0, and by the first |k| downstream
modes if £ < 0. In other words, T},,.; is the projection of Ty on Vect(Ty ... Ty)
when k> 0 and Vect(T-;...T-x) when k < 0. Using the notations of Propo-
sition 4, we recall that T},.; (for example in the case & > 0) is computed

as
k

Toroj = Y Ty with 7K 7t = a and a; = /Q Tini T}
=1

For a given value of k, the relative error is defined by

||ﬂni - TprOjHO
| Tinillo

When N’ upstream eigenmodes and N downstream eigenmodes are avail-
able, this allows to solve the problem in a cylinder of finite length. The com-
putation of the eigenmodes allows to obtain an approximation of the operator
W that appears at the left-hand side in Equation (21). The quantities a™ and
a~ are then computed by solving Equation (21) in the least squares sense.

(27)

5.3 An axisymmetric case

We first consider an axisymmetric case. It allows a comparison with existing
methods. Reference eigenvalues are computed using the ” Ad-analicity” method,
as presented in [19] in a simpler case. This method provides an implicit analyt-
ical definition of the eigenvalues that makes possible their computation up to
a given accuracy. The first eigenvalues were computed with this method with
a precision of 1071°, providing the reference eigenvalues, named ’analytical
eigenvalues’ in the sequel.

The domain 2 is the unit circle. The Peclet number is set to 10 and the
velocity is supported in the disc B centered at the origin and of radius rqg = 1/2.
The velocity profile v is parabolic, culminating at the origin with the value 2,

more precisely:

2 2
o(a,y) =201 = & :;y ) on B.
0

The simulations were performed using Getfem [1] and Matlab. The problem
was discretized using P1 finite elements, on different meshes containing re-
spectively 164 points (mesh 0), 619 points (mesh 1), 2405 points (mesh 2)
and 9481 points (mesh 3).

We computed the 50 eigenvalues that are closest to zero (multiplicity
counted). These eigenvalues were compared with the analytical eigenvalues
corresponding to axisymmetric eigenmodes. These results are presented in
Figure 2. Note that the distribution of the eigenvalues is not symmetric with
respect to 0, due to the convective term. In this case there are 30 downstream
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modes, and 20 upstream modes. The relative error on the first upstream eigen-
value compared to the analytical eigenvalue, as a function of the mesh size is
presented in Figure 3.

negative eigenvalues positive eigenvalues

0 12
® % analytic °
-2 a8 o mesh O] 00008 {
¢ mesh 1 10} 008888
4 e + mesh 2}; oo 88
LY © mesh 3 g R
- piE 8 23
-8t SLELET 1 x analytic
cooorE i © mesh 0
-10r %%%ggw 1 61 g8 ¢ mesh 1|
OOOOOOOgJ + meSh2
—12} o1 g 18 © mesh 3
0 10 20 30 4O 5 10 15 20

Figure 2: Left: the first eigenvalues for the downstream modes; right: the first
eigenvalues for the upstream modes. The eigenvalues obtained for different dis-
cretizations are compared to the analytical eigenvalues (only for axisymmetric
modes, indicated in black)

Convergence of the first upstream eigenvalue
_l y r T

Ioglo(error)

25 3. 35 4
Ioglo(mesh size)

Figure 3: Numerical error for the first upstream eigenvalue, as a function of
the mesh size (log scale).

As an illustration of Theorem 1, we decompose an element T, € HY(Q)
along the downstream modes, and along the upstream modes. The field Ti,;
is Tni(z,y) = (1 — 22 — y?)(1 + 52 + xy). The total number of eigenvalues is
300. This computation uses the finest mesh mesh 3. We indicate in Figure 4
the relative error when the first £ modes are taken into account, defined by
Equation (27).

As another illustration of Theorem 1, we decompose another element T},; €
L%(Q2) along the downstream modes, and along the upstream modes. The field
Tini is Tini(z,y) = 1 and the convergence of the projections when an increasing
number of modes taken into account is shown in Figure 5. Note that the
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residue on the downstream modes vs k (log scale)

residue on the upstream modes vs k (log scale)

-1.5f

50 100 150 0 20 40 60 80 100 120

Figure 4: The logig of the relative error of the projection of a field T, € HY ()
on the first k eigenmodes plotted as a function of k for the downstream modes
(left); the logyo of the relative error as a function of & for the upstream modes

(right).

Oresidue on the downstream modes vs k (log scale) o residue on the upstream modes vs k (log scale)
-0.1 -0.1
-0.2 -0.2
-0.31 -0.3
-0.4f -0.4f ’
-0.5¢ -05 o
—0.6 -0.6 —
7 50 100 150 O 20 a0 60 80 100 120

Figure 5: The logy of the relative error of the projection of a field Tiy; € L%(Q)
on the first k eigenmodes plotted as a function of k for the downstream modes
(left); the logyg of the relative error as a function of k for the upstream modes
(right).

convergence is slower here than in the previous case (Figure 4), since in the
previous case, the element T}, belongs to H)(Q2) and in the present case to
L%(Q) only. We recall T, is projected on the space of eigenmodes which all
belong to H}(€2) and even if it is possible to approximate elements of L?(2) by
elements of H}(Q2) in the L? norm, phenomenom of slow convergence (similar
the well known Gibb’s effect) will occur.

5.4 A non-axisymmetric case

In order to illustrate the capabilities of our approach, we present an illustration
in a non-axisymmetric case.

The domain 2 is the unit circle. The Peclet number is set to 10 and the
velocity is contained in the disc B centered at the point (xg,y0) = (0.3,0.2)
and of radius ro = 1/2. The velocity profile v is parabolic in B culminating at
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(x0,yo) with the value 2 (see Figure 6):

(z — 10)* + (y — w0)”

U(.?S,y) = 2(1 - 7"2
0

)in B

the advection velocity v(x,y)

Figure 6: Velocity profile.

The problem was discretized on a mesh containing 9517 vertices. We com-
puted the 50 eigenmodes that are closer to zero (multiplicity counted), see
Figure 7. In this case there are 31 downstream modes, and 19 upstream
modes.

negative eigenvalues positive eigenvalues

11

o o0 ©0°
10t
=2[ oo 00 ° °©
4 o 9r o ©
- %0 o
[ 8 oo
-6 %o 7t o
P00, o ©
-8 C004 67 o
oo | 5
0906 5
-10r %o al o
o
-12 L L L 3 © L L L
0 10 20 30 40 0 5 10 15 20

Figure 7: Left: the first eigenvalues for the downstream modes; right: the first
eigenvalues for the upstream modes.

We present in Figures 8 and 9 the first downstream and upstream eigen-
modes.

We document also the results of section 3 by showing the matrix Iy y KTI_ 7 &
for different values of the Peclet number, see Figure 10.

5.5 A finite cylinder

The results of section 4.2 are documented here. The domain B, the Peclet
number and the velocity profile v are the same as in section 5.4. We address
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downstream mode 1; eigenvalue -0.70 downstream mode 2; eigenvalue -2.26

downstream mode 3; eigenvalue -2.26 downstream mode 4; eigenvalue -3.55

S

downstream mode 5; eigenvalue -4.03

08

08
04
02

0
-0.2
-0.4
0.8
-0.8

Figure 8: The first downstream eigenmodes.

the 3-dimensional problem in a cylinder of length L. Two boundary conditions
are imposed on the extremities of this cylinder:

T._ =1 and T _, =Ty,

z=0 z=L

where

To(z,y) = 1p(z,y)  and  Tp(z,y)=1—2°—¢*

This problem was discretized on a mesh comprising 9517 vertices. The 1000
eigenvalues closest to 0 are computed (527 downstream modes and 473 up-
stream modes). The matrix W defined in section 4.2 was assembled, the se-
quences a* and a~ were computed, and the value of T'(z) at different sections,
corresponding to different values of z are illustrated in Figures 11 and 12 for
L =1 and L = 5 respectively. Note that since the incoming condition Tj
is not in H§(2), the initial condition is poorly approximated (oscillations are
visible). Note also that the downstream modes are damped slower than the
upstream modes. The largest downstream eigenvalue is A_; ~ —0.704 which
gives a characteristic length of In(2)/|A_1| ~ 0.98, while the smallest upstream
eigenvalue is \; ~ 3.28 which gives a characteristic length of In(2)/A; ~ 0.21.
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upstream mode 1; eigenvalue 3.28 upstream mode 2; eigenvalue 4.26
upstream mode 3; eigenvalue 5.04 upstream mode 4, eigenvalue 5.77

ol 0
i EY) ) 05 1 it EY) o o5 7

upstream mode 5; eigenvalue 6.44

08
08

04
02
o
02
04
08

08

Figure 9: The first upstream eigenmodes.

Conclusion

It has been shown that the decomposition on the upstream (or downstream)
modes is not only mathematically possible but also numerically feasible. In-
deed, thanks to the bounds of Proposition 4, standard error analysis, as the
one of Proposition 5, may be performed. Such analysis leads to effective al-
gorithms that improve the state of the art on the generalized Graetz problem
by many ways. First, non axisymmetrical geometries are allowed. Second,
semi-infinite ducts and bounded ducts geometries are studied. Third, effective
error analysis is available. We presented numerical examples that showcase
the power of this method.

All these improvements pave the way to numerous applications, as for ex-
ample, optimization of the velocity v in order to maximize (or minimize) heat
transfer under constraints (for instance viscosity constraints if the velocity is
the solution of a Stoke’s problem). Nevertheless, some expected results still
lack. For instance, the theory handles well L? bounds when L? initial data is
given. But there isn’t, as of today, any direct way to show H} bounds when
H} initial data is given. An other improvement would be to understand if the
information given by the eigenvectors with a positive eigenvalue is of any help
when trying to decompose on the downstream modes. Indeed the algorithm
we propose simply dumps this information in order to concentrate only on the
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Figure 10: The matrix II_n/ yKTI_nv n. From left to right: Peclet = 10 (31
downstream and 19 upstream modes); Peclet = 1 (27 downstream and 23
upstream modes); Peclet = 0.1 (25 downstream and 25 upstream modes)

Figure 11: The finite cylinder with length L = 1. From left to right: the value
of T'(z) for z=0,0.25L,0.5L,0.75L, L.

one given by the negative eigenvalues. It is also not clear how to proceed when
Dirichlet and Neumann boundary conditions are mixed at the entrance and the
exit. For instance, extending Graetz modes expansions for semi-infinite ducts
when 2 is parted into two subsets {2p and 2 where respectively Dirichlet and
Neumann boundary conditions are imposed is still an open question.

Such problems and extensions are currently under investigation.
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